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Abstract 

In this paper, we study a class of two-dimensional Finsler metrics defined by a Rie- 
mannian metric a and a 1-form /3. We characterize those metrics which are Douglasian 
or locally projectively flat by some equations. In particular, it shows that the known 
fact that P is always closed for those metrics in higher dimensions is no longer true in 
two dimensional case. Further, we determine the local structures of two-dimensional 
(a, /3)-metrics which are Douglassian, and some families of examples are given for pro- 
jectively flat classes with /3 being not closed. 
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1 Introduction 

Projective Finsler geometry studies equivalent Finsler metrics on a same manifold with the 
same geodesies as points ([3]). Douglas curvature (D) is an important projective invariants 
in projective Finsler geometry. A Finsler metric is called Douglasian if D = 0, and locally 
projectively flat if at every point, there are local coordinate systems in which geodesies are 
straight. It is known that a locally projectively flat Finsle metric can be characterized by D = 
and vanishing Wcyl curvature. As we know, the locally projectively flat class of Riemannian 
metrics is very limited, nothing but the class of constant sectional curvature (Beltrami 
Theorem). However, the class of locally projectively flat Finsler metrics is very rich. It 
is known that locally projectively flat Finsler metrics must be Douglassian, but Douglas 
metrics are not necessarily locally projectively flat. Therefore, it is a natural problem to 
study and classify Finsler metrics which are Douglasian or locally projectively flat. For this 
problem, we can only investigate some special classes of Finsler metrics. 

In this paper, we shall consider a special class of Finsler metrics defined by a Riemannian 
metric a = aij{x)y^yi and a 1-form j3 = bi{x)y'' on a manifold M. Such metrics are called 
(a, /3)-metrics. An (a, /3)-metric can be expressed in the following form: 

F = a4>{s), s — Pja, 

where (/)(s) > is a C°° function on (—60, ho). It is known that F is a regular Finsler metric 
(defined on the whole TM — {0} and positive definite) for any (a, /3) with ||/3||q < ho if and 
only if 

4>{s)-scp'{s) + {p^ -s^)cp"{s)>Q, {\s\<p<ho). (1) 

where ho is a constant. If cf) does not satisfy ([T]), then F = a(j){f3/a) is singular. 

Randers metrics are a special class of (a, /3)-metrics. It is known that a Randers metric 
F = a + P is a. Douglas metric if and only if /3 is closed ([!]), and it is locally projectively flat 
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if and only if a is locally projectively flat and /3 is closed ([T] [1]). Usually we call F — a(f>{s) 
with (j){s) — es + VT+fcs^, where k, e are constants, a Finsler metric of Randers type, which 
is essentially a Randers metric. 

(a, ^)-metrics are computable and it has been shown that (a, /3)-metrics have a lot of 
special geometric properties ([^-[IS [13 )■ 13 US; the authors study and characterize 
(a, /3)-metrics which are respectively Douglasian and locally projectively flat in dimension 
n > 3. However, the two-dimensional case remains open. In this paper, we will solve this 
problem in two-dimensional case, and meanwhile give their local structures in part. 

Theorem 1.1 Let F = a4>{s), s — P/a, he a regular {a, 13) -metric on an open subset 
U C , where (f>{0) ~ 1. Suppose that f3 is not parallel with respect to a and F is not 
of Randers type. Let F be Douglasian or locally projectively flat. Then we have one of the 
following two cases: 

(i) (j){s) satisfies 

{1 + (fcl + ks)s^ + k2S^}cl>"{s) = (fcl + fc2s'){0(5) - (2) 

where fci , /c2 , ^3 are constants satisfying 

{2ki + 3k3){3ki + 2k3) , , , , 
k2 ^ ^ , fca 7^ fcifcs. (3) 



Further, /3 must be closed. 
(ii) F can be written as 

F = 5±^, (a := - l3:=c/3), (4) 

where k,c are constants with 0. In this case, (3 is generally not closed. 

In dimension ti > 2 in Thcorcm ll.li it is proved in [S] [10] that, the metric in Theorem ll.il 
must be given by ^ with /c2 ^ fcifcs, and (3 must be closed. In Theorem 14.11 and Theorem 
15.11 below, we give general characterizations for two-dimensional (a, /3)-metrics (might be 
singular) which are Douglasian and locally projectively flat respectively. 

Next we consider the local structure of the Douglas metrics in Theorem 11.11 By using 
some deformations on a and (3, we can determine the local structure of two-dimensional 
regular Douglas (a, /3)-metrics, which is shown in the following two theorems. For the local 
structure of the singular Douglas classes in Theorem 14. 1( 111) and (iv) below, we will have a 
discussion in Section [6l 

Theorem 1.2 Let F = a± 13'^ /a be a two-dimensional regular Douglas {a, l3)-metric with 
j3 ^ Q. Then a and f3 can be locally written as 

= (T^{^[(^^)' + (^^)^]t9(1±5 + B^)/3^}, (5) 

B uy^ -\- vy^ 
{l±2B)i u'^+v'^ 

where u = u{x), v — v{x) are scalar functions such that 

f{z) = u + iv, z = + ix^ 



P = , 2~' W 



is a complex analytic function, and B = B{x) is a scalar function satisfying < B < 1 if 
F = a + P^/a andO<B< 1/2 if F = a - (3"^ / a. 
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We see that in Theorem II. 2[ the metric is determined by the triple parametric scalar 
functions {B^u,v), where u and v are a pair of complex conjugate functions. We will prove 
Theorem II .21 by using Corollary 14.21 and the result in [T^ (also see [E]). 

Theorem 1.3 Let F — a(j){s), s — /3/a be a two-dimensional regular Douglas (a, /3)-metric 
with /3 7^ 0, where (/)(s) satisfies (0j and (0), and (/)(0) = 1. Then a and /3 can be locally 
written as 



c V v? + v^ c{u^+v^) ^ y V / 

where B = B{x) > 0, w = u{x), v — v(x) are some scalar functions which satisfy the following 
PDEs: 

ui = V2, U2 ^ ~vi, Vi+aiv^ua2, (8) 
where Ui := u^i, Vi := v^i and Oi := a^i , and a is defined by 

We will proye Theorem 11.31 by ([^ and the result in |T5] (also see [H]). The metric in 
Theorem 11.31 is determined by the triple parametric scalar functions {B,u,v) which satisfy 
([8]). It seems hard to obtain the complete solutions of the PDEs ([8]). Howeyer, we can giye 
some special solutions of ([8]). For example, the following triple is a solution 

cr = a;^, M = (c2 sinx^ — ci cosx^)e~^ , w = (ci sinx^ + C2 cos a;2)e~^ , 
where ci,C2 are constants, and then B is determined by ([9ll. 

Now we consider the local structure of the locally projectiyely flat metrics in Theorem 
11.11 The local structure of F determined by ^ with k2 ^ kik^ (for the dimension n > 2) has 
been solved in [16] (also see another way in [H]). Howeyer, it seems difficult to determine 
the local structure of F determined by (jlj. By using (|3T|) and (f76| with r = 0, we can 
construct the following example, which can be directly verified. We omit the details. 

Example 1.4 Let F — a±0^/a be a two-dimensional {a, jS) -metric. Suppose a and j3 take 
the form 

a = e'^(^)y(7FTW, [i^e'''^-\i{x)y^ +r,{x)y^). (10) 
where ^ = ^(x), r] = ri{x), a = cr(x) are some scalar functions. Define 

^(x) = ±^ , ''^^''^ =, (11) 

V2 ^c3T(a;i+ci)2iF(x2+c2)2 

f \ ^ ^ +ci 

V2 v/c3T (a;^ +ci)2 =F {x^ + C2Y 
a{x) = ln[c3T(a;'+ci)'T(x'+C2)2] +C4, (13) 
where Ci,C2, C3 are constants with C3 > 0. Then F is projectively flat with (3 being not closed. 

For the singular projectively flat classes in Theorem IS.ir iii) and (iv) below, we also 
construct some examples with /3 being not closed (see Example 16.31 and 16.41 below) . As we 
have shown, it seems an obstacle to determine the local structure of the projectively flat 
classes when /? is not closed. 

Open Problem: Determine the local structure of a two-dimensional (a, /3)-metric F = 
a ± which is locally projectively flat. 
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2 Preliminaries 



Let F = F{x,y) he a Finsler metric on an n-diinensional manifold M . The geodesic coeffi- 
cients are defined by 

(14) 

A Finsler metric F = F{x,y) is called a Douglas metric if the spray coefficients G* are 
in the following form: 

G' = ^r),ix)y^y'' + P{x,y)y\ (15) 

where r* j,(x) are local functions on M and P{x, y) is a local positively homogeneous function 
of degree one in y. It is easy to see that is a Douglas metric if and only if G^y^ — G^y^ is 
a homogeneous polynomial in (y*) of degree three, which by (IT5|) can be written as ([I]), 



G^y^ ^Gh/^-{riiy^ ^rly^)y''yK 



1 

According to G. Hamel's result, a Finsler metric F is projectively flat in U if and only if 



The above formula implies that G" = Py* with P given by 



P = 



2F 



For a Riemannian metric a = \J aijy^y^ and a 1-form j3 = biy^ on a manifold M, let 
V/3 = biijy^dx^ denote the covariant derivatives of (3 with respect to a. Put 

rij := + bj\^), s^j ^(6^^ - bj\i), rj 6V,y, sj := b'sij, := a^'^Sfc, 

where 6* := a'-' 6j and (a*-' ) is the inverse of (aij). 

Consider an (a, /3)-metric F = a<j){l3/a). By the spray coefficients of F are 

given by (m H [5] [TO] [TT]): 

G* = G^ + aQsl + a-^e{-2aQsn + roo)y'' + *(-2aQso + r-oo)6\ (16) 

where s) = a^''skj,sl = sly'', Sj = fe'^sn, so = Siy\ and 



Q - sQ' 



• — so 



2A ' 2A 



By ((16)) one can see that F — a(f>{/3/a) is a Douglas metric if and only if 



aQW - 4y') + *(-2aQso + rooWy' - Vy') - -{G\,y^ - Gi,y^)yS\ (17) 



where G\^ := F^^ - 7*,, F'^., are given in and 7^.; := d'^G'^/ dy^'dyK 
Further, F = a(j){f3/a) is projectively flat on [/ C i?" if and only if 

{a^ia^ - y^yijG'^ + a^Qszo + 4'a(-2aQso + roo)(a6z - syi) = 0, (18) 

where yi = amiy"^- 
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3 Equations in a Special Coordinate System 

In order to prove Theorems 14.11 and 15.11 below . one has to simplify (|17p and (|18p . The main 
technique is to fix a point and choose a special coordinate system (s,y°) as in [10] [llj . 
Fix an arbitrary point x & M and take an orthonormal basis {ei\ at x such that 



Then we change coordinates (y*) to {s,y°') such that 

h _ ^ &g - 
a = =a. p = — a. 



where a = \/Sa=2(y°)^- -'^^^ 

We have sq = &sio, si = bsn = 0. The following lemmas are trivial. 

Lemma 3.1 In the special local coordinate system at x as mentioned above, ifb = constant, 
then Til = 0, ria + sia =0 at x. 

Lemma 3.2 (|11)) For n > 2, suppose p + qa = 0, where p — p{y) and q = q{y) are 
homogeneous polynomials in y — {y""), then p ^ 0, q ~ 0. 

By [5] and [TU] we have the following two propositions. 

Proposition 3.3 {n — 2) An {a, l3)-metric F — a(j){f3/a) is a Douglas metric if and only 
if at each point x, there is a suitable coordinate system such that at x, there exist numbers 
^jk (^li)^ = 1)2) which are independent of s such that 

-iGl,-Gl,~Gl,) + lGl,=b^{-r^r,,+r22), (19) 



^ - [2^'ib' - s^) - 1] b^Qs^2 - 2b^r^2S ^ s^ + ^(G^^ - - G^i)^. (20) 



62_s2L V ^ J ^ 2(62 -s2)' 2 

Proposition 3.4 (n — 2) An (a, l3)-metric F — a(j){(3/a) is projectively flat if and only if 
2(/!,2) (-gii + 2GL) - IgI, = m^^n^ + r,,), (21) 

[2^{b' - s') - l]b'Qs,2 - 2b^r,,s = -^^^^ii-^s^ + ^(-G^^ + 2G}2)s, (22) 

where Gj/^ := QyjQyk are the connection coefficients of a. 

Comparing ([19]) and ([21]), ([20]) and ([22]), it is easy to see that if G],. = Gl^, then 
G'jf. = -Gjfc. So if we can solve Gj^, from ([19]) and ([20]), then we can solve Gjj. from ([21]) 
and ([22]) . In the following we only consider ([T9]) and ([20]) , from which we will solve G^-^. . 



5 



4 Douglas (a, /5)-metrics 



In this section, we characterize two-dimensional (a, /3)-metrics (might be singular) which 
are Douglas metrics. We have the following theorem. 

Theorem 4.1 Let F = a(j){s), s — (3 /a, he an (a, [3) -metric on an open subset U C R^, 
where 0(0) = 1. Suppose that /3 is not parallel with respect to a and F is not of Randers 
type. Then F is a Douglas metric on U if and only if F lies in one of the following four 
classes: 

(i) <f>{s) satisfy (0) with ^2 7^ ^1^3 and (3 satisfies 

b,y = 2t{(1 + hb^)a,j + ihb^ + k3)b,bj}, (23) 

(ii) (j){s) and (3 satisfy 



</.(s) = Vr^fc^+ ,^ , (24) 

rij = 2t|[1 + (2c- fc)62]a,y - [fc + 3c- (fc + c)fc&^]6j6j| 

+d(6,;Sj + 6jS,), (25) 

where r = t{x) is a scalar function, k, c are constants with c 7^ and 1 — kb^ > 0, and 
d = d(x) is given by 

_ 3c- k~ {2c- k)kb^ 
^~ l-(fc + c)62 ■ 



(iii) (b = constant) (f)(s) and j3 satisfy 



1 



1 1] 



-^{hs,+b,s,), (28) 



where c, k are constants and m > I is an integer. 
(iv) (b = constant) (/)(s) and (3 satisfy 



tj - -TnibiSj +bjSi), (30) 



1 

where c, fc are constants and m > I is an integer. 

By Theorem 14. iT ii). we can easily get the following corollary. 

Corollary 4.2 Let F = azL (3"^ /a he two-dimensional {a, j3) -metric. Then F is a Douglas 
metric if and only if (3 satisfies 

r„ = 2t{(1 ± 2b')a,j T ^hb,] + ^2 i^^-'j + (^1) 

where r = t(x) is a scalar function. Note that F — a -\- (3'^ /a is regular if and only if b < 1; 
F = a — (3'^ /a is regular if and only if b < 1/2. 

We prove Theorem 14.11 using Proposition 13.31 The proof can be divided into two cases 
(rii,r22) ^ (0,0) and (rn,r22) = (0,0). 
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4.1 (rn,r22) ^ (0,0) 

In this case, we wil obtain two classes: Theorem 14. II (i) and Theorem 14. II (ii). 
First, can be written in the foUowing form 

where X,fi,S,ri are numbers independent of s. By (119^ and p2p . it is easy to prove that if 
Xr] — ij5 ^ 0, then for some scalar r = t{x), we have (see also ^) 

ni = 2625r, r22 = 262,^t. (33) 

One can see that if an (a, /3)-mctric = a(f){l3/a) is not of Randers type, then Xt] — iiS =/= 0. 
Now we put 

0«(O) 

flQ 1, a-i := — , i = l,2,---. 

i\ 

By it has been proved in [10 that if 2a4 + = 0, then F is of Randers type. Thus we 
may assume that 2a4 + ^ 0- Then there is a scalar e = e(a;) 7^ such that 

^^kie, 7? = (1 + /ei62)e, A = + fc262)e, 6 ^ {I + {ki + k3)b^ + k2b^)e, (34) 

^ fcl + k2s' .35) 

l + fcl62 + (fc3+fc262)s2' ^'^^^ 

where ^1,^2, fca are some constants determined by 

2(040^ - 50206 + 12al) 110204 + 506 + 30^ 
fci = 2o2, fc2 = ■ — 2 > K3 = :z : — 2 • 36 

204 + Oj 204 + 02 

Note that ^2 — fci^s 7^ is equivalent to 204 + 02 7^ 0. Since F is not of Randers type, we 
get k2 - kiks ^ 0. 

Plugging dSlI) into ([201), we get 

-2bs{b^ - s^)(ki + k2S^)n2 - 26^(1 + fcis^ + /C3S^ + fes'*)Qsi2 + 

S(l + fcife^ + fc3s2 + fc262s2){(62 _ s2)^ _ (^2^g2| ^ (37) 

where ^ := G}2 + Gli ^ ^22- ^ow plug the Taylor expansion of (p{s) into ([57|) and let be 
the coefficients of in ([57)1 . By pi = 0,p3 = 0,p5 = we have the following cases. 

(i) If 

1 + (fci + h)b^ + k2b* 7^ 0, (38) 

then 

62 fci (3fc2 + 2fcifc3 + 10fc2)6'* + (21fc2 + 14fci/c3 - 5^2)52 + 18fci - 3^3 

- TTihThWTk^' ^ ^ 

2 26(3fc?fc3 + 2fcifc|~2fc2fc3-18fcifc2)6'^-5(3A:? + A:2 + 2fcifc3)62-i5fci 

^"-I^ YTihThWTk^' '''' 

26/ci (3fc? + 2feifc3 + 10A:2)&'' + 6(3A:i + 2/^3)62 + 15 
^"^5 1 + (fci + fc3)fo2 + k2b^ ^ ^ 

(ii) If 

1 + (fci + h)b^ + fefe* = 0, (42) 
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then b = constant. By Lemma |3. II we get ri2 + si2 = 0. If si2 ^ 0, then we get 

3 + hb^ 5 + 3fcib^ 

Case 1: si2 = 0. This imphes Theorem 14. II fi). 

If ([38|) holds, then ri2 = by ([39ll . If (|42|) holds, we also get ri2 = 0. In both cases, we have 
Gf^ = <^ = by plugging ri2 = Si2 — into ([201) • Thus (^0)) becomes trivial. By ri2 = 0, 
(|33l) and p4)) . we get the expression of in ([23]) . Further, ([35)) can be written in the form 
([2]) with ^2 7^ fcifcs- This class belongs to Theorem 14.1( 1). 

Case 2: Si2 7^ 0. This implies Theorem 14. II (ii). 

Case 2A. Assume that ([35|) holds. We plug ([SH]), ([10]) and ([JT]) into ([27]), and then we 
obtain 

I {{3klk3 + 2kikl~2k2k3~18kik2)s^-5{3kl + k2 + 2kik3)s^~15ki)}s 

^"^15 1 + (fci + fc3)s2 + fc2s4 ■ ^^^^ 



By ([HI) and ([3S|) we have 
Plug ([m into ([ID) and we get 



, (2fci+3fc3)(3fci+2fc3) 
/C2 = 25 • 



-^)- ; 5+(4fc, + fc3)^^ 

V5 V5 + (3fci+2fc3)s2' 

where fci ^ ^3 since ([45]) and ^2 7^ fcifcs. Letting ki —2c — k and fcs = — 3c — /c in (|46| . we 
get ([Ml). Substituting ([l5|) into ^ gives 

&2[fci(3A:i+ 2^3)6^ + 6^1-^:3] 
= 5+(2fci+3fc3)6^ ^''^ 



Letting fci = 2c — fc and fc3 = — 3c — and using ([33)) . we obtain ([25)) . 

Case 2B. Assume that ([32) holds. Then ri2 = — S12 and ([^5)) holds. It is easy for us to get 
^is) = 4=f: (48) 



Tij = 2f{b'^aij - bibj) - —{biSj + bjSi). (49) 
This class is a special case of Theorem II. l( ii). 

4.2 (rn,r22) = (0,0) 

Since (3 is not parallel and (rii,r22) = (0,0), we will see that S12 7^ from the following 
proof to different cases. It follows from (fTQ]) that 



^22 — 0, G\i — GI2 + G^i- 
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Plugging the expressions of Q and ^ into (1^(71) yields 

+s[Gl^s^ - - s^)(\ {4> - s4>') + 2&3si20' = 0, (50) 

where ^=Gi2 + Gii-Gl2. 
Let 

h 

</> = ao + ^ CiS* + o(s''), ao = 1, 
1=1 

where ft, is a sufficiently large integer. Plugging the above Taylor series into ([50)1 wc obtain 
a power series J^kPk^'' — 0. It is easily seen that the coefheient pk of s*^ is given by 

Pk ^ Airi2 + + As^ + A4S12, (51) 

where 

Ai: = b[{k-l){k-2)ak-i-k{k + l)ak+ib^], 
A2: = ^ik-2)[{k-A)ak-3-{k-l)ak-ib^], 

A3: = i[fc(fc + f)afc+i64- (2fc-I)(fc-2)afe_i62 + (A;-2)(fc-4)afe_3], 

Ai-. = -(/s + I)afe+l6^ 
and fli = if i < 0. In particular, we have 

Po = -aib^si2. 
So if S12 7^ 0, then by po = we have ai = 0. 

Case I: Suppose db ^ 0. We will prove that one case belongs to Theorem 14. II (ii) with the 
scalar r = t{x) = 0, and other cases are excluded. 

Solving the system pi = 0,p3 = 0,p5 — yields the following three cases: 

(i) If 2a4 7^ -a|, then we get JSS]), gO]) and dH]) by using (|36| . 

(ii) If 2a4 — ~a\ and 2a6 7^ 03, then 

ri2 = i(8a262 - l)si2, G?i = -4a26si2, ^ = yflabsis. (52) 

(iii) If 2a4 = —a^ and 2a6 = aj, then 

G?, = -4a26,si2, e= Y^^^(ri2 + si2). (53) 

It follows from or (15^ that ri2 = if S12 = 0. If ([5^ holds and S12 = 0, then we have 
G\i = 0, and thus we have ri2 = by (pO]) since _F is not of Randers type (also see the proof 
in [5]). Therefore in this case we have S12 7^ 0. 

Case lA. Suppose 2a4 = — aj and 2a6 7^ flj. Then plug ((52|) into ([50]) and by using db ^ Q 
we get </)(«) = Vl + 2a2s2. This case is excluded. 

Case IB. Suppose a4 7^ Plugging (gH]) and ^ into O and by using db ^ Q 

and S12 7^ we obtain three ODEs on 4>{s), whose discussion of solutions can be divided 
into the following cases. 
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If fca ^ fci , then in a similar way as in section 14.11 we can easily show that this class 
belongs to Theorem I l.lT ii) with r = t{x) — 0. 

If ^3 = fci ^ 0, then we obtain /c2 — kf, which is impossible since k2 7^ ^1^3- 

If ki = = 0, then it is easy to see that F is of Randers type, which is excluded. 

Case IC. Suppose 04 — —\a\ and ag — \a\. Then we have (|53p . Note that we have ai — Q 
since S12 ^ 0. We will show that this case is excluded. 

For the function /(s) = a/1 + 2a2s2, its Taylor coefficients Ci of {i > 0) are given by 

c2m-0, C2, = C\(2a2r, 

2 

where are the generalized combination coefficients. So in all a2i+i's or a2i's there exist 
some minimal m such that 

a2m+i^0, (m>l); or a2m^CT{2a2r, (m > 4). (54) 

2 

Case IC(1). Assume a2m+i 7^ in ([54|. Then plugging ([53|. a2m-3 = and a2m-i = 
into p2m — (see (l5T|) ) yields 

ai+2m [ - 2mri2 + (4TOa2&^ - 2a2b^ - 1)512] = 0. (55) 

Therefore, it follows from ([55]) that we have 

4ma2p - 2026^ - 1 

?'i2 ;^ S12, (56) 

Zm 

Case IC(2). Assume 02™ 7^ Cr(2a2)'" in Plugging ^ and 

2 

a2m-4 = Ci"^^(2a2)™ ^, a2m-2 — Cr ^(202)™^"^ 

2 2 

into P2m-i = (see (HH)) yields 

[a2m - Cr (202)"] [(1 - 2TO)ri2 + (4ma26' - 4a26' - l)si2] = 0. (57) 

Therefore it follows from (|57l) that we have 

4ma2&2 - 4026^ - 1 

''12 = ^ : si2- 58) 

2m — 1 

Finally, plugging ([53)) and (|56)) or ([58| into ([50)) and using dfe 7^ we get 0(s) = 



Vl + 2a2S^. Thus both cases are excluded. 

Case II: Suppose db — 0. We will obtain Theorem 14. II (iii) and Theorem ll.il (iv). 
By Lemma |3. II we have 

ri2 = -si2- (59) 



For the fimction /(s) ~ — s^, its Taylor coefficients Ci of (i > 0) are given by 

C2j+i = 0, C2i ^ c\{---^y, 

Since ai = and F is not of Randers type, in all a2i+i's or a2i's there exist some minimal 
m such that 

a2m+i^0, (m>l); or a2m^CT{-h"\ (m > 1). (60) 

2 0^ 
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Case 11(1): Assume a2,n+i 7^ in (pO)) . Plugging ([5^ . a2„i-3 = and a2m-i = into 
P2m = (see ([5T|)) yields 

2m - 1 



to6 



-Sl2. 



Plugging (jnH) and a2m-i = into p2m+2 = yields 



^11 — 



{2m + 3)ba2m+3 



ma2m+i 



m(2m + 1) 

Now plug dm), (HI]), dMl) into dSO]), and then we obtain 

(f> - S(j>' + {P - s^)(l)" 2m 



Sl2- 



set) + {b"^ - s^)(t)' s{l-ks^)' 
where /c is a constant determined by 02™+! and a2m+3- Let 

$ ■=s(f>{s) + {b^~s^)<f)'{s). 

Then (l63l) becomes 



(61) 



(62) 



(63) 



2m 



We get 



$ s(l-A:s2)' 



<i> = c 



, 1 - fcs2 

where c is a constant. Then we can easily get 



0= 



vi- fcs^; 



(64) 



(62 _ s2)3/2 

By assumption, (j){0) = 1, we get (|27)) . Further, since rn = 0,r22 = and ri2 — — S12, we 
get ([281). This class belongs to Theorem lilT iii) . 

Case 11(2): Assume a2m 7^ Ci"(— w)™ in (|5(7|. Plugging ([5^ and the expressions of 02^-4 

2 

and a2m-2 into p2m-i = yields 



4(to-1) 
(2m — 1)0 

Plugging (|65|) and the expressions of a2m-2 into P2m+i = (see (|5T|) ) yields 

r^2 _ ^1 

where Ti and T2 are defined by 

Ti : = 4m(2m-l)(m-l)Cr(--^)"-i+2(2m-l)(2TO2-2m-l)52a2„ 

2 6^ 



(65) 



(66) 



+4(m + 1)6 a2„i+2, 



1 



T2: = m(2m-l)^6^[a2m-Cr(-^)™J. 
Now plug dSni), dlSl), dSH) into dSni), and then we obtain 

^- s^' + (62 - s2)(^" ^ 2m- 1 



S(^+(62-s2)0' s(l-/ts2)' 



(67) 



where /c is a constant. By the same argument, we obtain (|29p. This gives Theorem 14. If iv) 
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5 Projectively flat (a, /5)-metrics 

In this section, we characterize two-dimensional (a, /3)-metrics (might be singular) which 
are projectively flat. We have the following theorem. 

Theorem 5.1 Let F = a<j){s), s — f3/a, be an {a, f3)-metric on an open subset U C 
with 0(0) — 1. Suppose that /3 is not parallel with respect to a and F is not of Randers 
type. Then F is projectively flat in U with G' = P{x, y)y^ if and only if F lies in one of the 
following four classes: 

(i) (/){s) and (5 satisfy (0) and \23\) . and the spray coefficients of a satisfy 

G\ = - r{k^o? + k2f3^)b\ (68) 
In this case, the projective factor P is given by 

P = p + ra{ [l + (fci + kz)s^ + fcss*] ^ - (fci + fc2S^)s}. (69) 

(ii) (j){s) and /3 satisfy \24^ and \25]) . and 

= Pf - r{(2c - k)a^ + (c + k)kp^}b^ + " (e+t^^ '^^^ ' (^«) 
In this case, the projective factor P is given by 



4c^s^ CTi , 

1 + (C - k)S^ (T2 



where 



(Ti : = [(fc-2c)(c-fc)fcfe2 + 4c2-3fcc+fc2]s2 + (2c-/c)(l-fc52), 
as: - [l-ic + k)b^][l + {c-k)s^]. 

(iii) (f){s) and /3 satisfy 1^7] ) anrf ifg^|J. and 

/n t/iis case, t/ie projective factor P is given by 

s(l - ks^U' + \i2m - 1) + ks^](t) 
^ = ^-^ 2iW ^''^ 



(iv) (j){s) and (3 satisfy h29\) and h30\) . and 



2{m~ l)a^ + kl3^ 
(2m- 1)62 



G'^-py'- ^'":z:"'j,r (74) 



/n this case, the projective factor P is given by 



,s(l-fc6V+ [2(m-l) + fcs2]0 
(2m — l)o^0 
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In the above, p — ci{x)y^ + C2(x)y^ is a 1-form. 

By Theorem [STTfii), we can easily get the fohowing coroUary. 

Corollary 5.2 Let F — a zL 0^ /a he two-dimensional {a, p) -metric. Then F is locally 
projectively flat if and only if /3 satisfies 113 1\) and satisfy 

G^^^pfT2Ta'b^--^s\ (76) 

In this case, the projective factor P is given by 

As^ 2(2s2 ±1) 

^ = ^-T±^™~(62t1)(.^±1)'"- ^^^^ 



To prove Theorem 15.11 it follows from comparing Proposition 13.31 and Proposition 13.41 
that we only need to give the expressions ((55)) - d75]) for each class in Theorem 15. II 

5.1 The Spray CoefRcients of a 

In this subsection we will show the expressions of the spray coefHcients for each class in 



Theorem 15. II Note that by G'^. = WTlfT^ spray G^ of a can be expressed as 



Case I: Suppose that (rii,r22) 7^ (0,0). It has been proved in [TU] that 

G}i = 2ti - 2A6V, G^2 = -2A*fe^T, = ^2, GI2 ^ h, (78) 



where ti , t2 are numbers independent of s and r is given by (|23p or ([25]) . By (|40|) and (j4T|) 
we can get G^i and G22- 

If (3 is closed {si2 = 0), then it follows from ([34|) . ([78l) and the expressions of Gfi and 
GI2 that (|68| holds, where we put p ds. p = tty^ . This case has been given by [10] in case of 
n > 3. 

If /3 is not closed, then by putting fci = 2c — fc and fca = —3c — k we get ((70)) from P5)) . 
((75)) and the expressions of Gf^ and G22. 

Case II: Suppose that (rii,r22) = (0,0). Then by (EH) we get 

^22 — 0, Gil = 2Gi2 = 2ti, G12 = ti, = ^2- (79) 

If db ^ 0, then we have shown in Section that 04 7^ In this case, we obtain 

((70)) with r = 0. 

If d5 = 0, then we get ((60)). If a2,„+i 7^ in ((60)), then we get from ((H]), ([62]) that 



~2 _ 2m - 1 + ~2 2m -1 

Gril — S12, Cr22 — ^Cri2 T 5l2- 

mb mb 
Then it follows from ((79]) and ((80]) that ((72]) holds. If 02™ ^ Gr(-^)" in ((SO]), then we 
get from ^ that 

~2 _ 2(2m^-2m-fc) ~2 _ ~, 4(m-l) 

m(2m-l)fe G22-2Gi2-^2„j-l)6'i^- ^^^^ 

Then it follows from ((79l and ((SB that ((TU holds. 
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5.2 The Projective Factors 



In this subsection, we are going to find the expression for the projective factor for each class 
in Theorem 15. II 

Actually, has been proved in [TU], since /3 is closed in Theorem IS.lf i). So we only 
show the expressions of P in (|7ip . ([75]) and ([75)1 . In the left three classes, since /3 may 
not be closed, it is not easy to show the projective factors P in the initial local projective 
coordinate system (in such a coordinate system, geodesies are straight lines). However, it is 
easy to be solved by choosing another local projective coordinate system, and then returning 
to the the initial local projective coordinate system, just as that in [TO] . 

Fix an arbitrary point Xo ^ U <Z B? . By the above idea and a suitable affine trans- 
formation, we may assume (J7, x*) is a local projective coordinate system satisfying that 
otxo = \/ {v^)"^ + (y^)^ ^nd j3x^ = by^ . Then at Xo we have 

= si = 0, = S2 = bsi2, So = hsi2y^, = h = b, fe^ = 62 = 0. 

Suppose dm), ([25]) and ^ hold in U. Then it is easy to get roo, sj), Q, 6, and Plug 
them into (|16l) . and then at Xo we see that G' = Py^, where P is given by 

P = p + AiT + A2bsi2y^, (82) 

where 

, ^ 4c^(&;/^)^ 

^' [l + (c-fc)62](yl)2 + (y2)2' 

_ [1 + (2c - A:)62] [(2c -~ k) - k{c - k)b^] {y^f + (2c - A:)(l - k9){y^f 
[1 - (c+ fc)62]{[l + (c- A:)62](yi)2 + (2/2)2} ' 

By using 

a 

we can transform ([5^ as ([7T|) . It is a direct computation, so the details are omitted. Since 
Xo is arbitrarily chosen, ([7T|) holds in ?7. 

The left proofs are similar. So the details are omitted. 

We have found the projective factor for each class in Theorem 15.11 This also gives a 
proof to the inverse of Theorem 15.11 



6 Singular classes in Theorem 14.11 and 15.11 

In this section, we will firstly discuss the local structures of the singular classes in Theorem 
I4.1f iii') and (iv), and then construct some examples for Theorem 15. If iii) and (iv). 

Since every two-dimensional Riemann metric is locally conformally fiat, we may put 



a-e-(-)y(7FTW, (83) 

where x = {x^^x^). Since p9)) is equivalent to b^ ~ ~ constant in two-dimensional 

case (see a simple proof in [7 ), (|49l) holds if and only if (3 is in the form 

be^^-^[^{x)y^+'n{x)y^] 
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where b = \\/3\\a = constant. Thus ([55]) and (|84p give all the local solutions of (P^ . If we 
put a and (3 in the forms (|83p and (|84|. then we have (|49|) . that is, 



where f is given by 



nj = 2f {b'^a^j - b^bj) - -^{hsj + 6jSi), 



where cri := da / dx^ , := da/dx^, etc. Further, /? is not closed if and only if 

{e + Tf){i<J2 - wi) - em - Cvm + CvCi + ^'6 ^ o. (86) 

In particular, if we put f = x^, 77 = —x^ and a = c[{x^)^ + (a;^)^] , where c ^ is a constant, 
then we have f = by (|85|) and (|86l) holds (/3 is not closed). 

Proposition 6.1 Define a two-dimensional {a, j3) -metric F on by 

ba^ + kl3^ 



F = 



V62q,2 „ ^: 

where k, b are constants with k ^ —1/6. Then F is a Douglas metric if and only if a and (3 
can be locally defined by i83\) and 1^84^ , where ^77 and a are some scalar functions on R^. 
There are many choices for ^, rj and a such that j3 is not closed. 

Proposition 6.2 Let F — a<j){s), s — P/a be a two-dimensional [a, j3)- metric, where 
4>{0) ~ 1. Let (f>(s) be given by |^7| j or ll29\) (not given by ). Then F is a Douglas 
metric if and only if a and (3 can be locally defined by i83\) and ^84^ , where S,, rj and a are 
some scalar functions satisfying t = in i85\) . There are many choices for ^ 77 and a such 
that 13 is not closed. 



Next we construct some singular examples for Theorem 15. If iii) and (iv) which are pro- 
jectively flat. One can directly verify the following two examples. 

Example 6.3 Let F = a(j){s), s = (3 /a, be two-dimensional (a, /3) -metric, where (t>{0) = 1. 
Let (j){s) be given by with k = 0, and define a and (3 by i83\} and (8^, where 

S,=x\ ii^~x\ a^{m^\)\n[{x^f + {x^f]. 

Then F is projectively flat with (3 being not closed. 

Example 6.4 Let F — a<j){s), s — [3 /a, be two-dimensional {a, j3)- metric, where 0(0) = 1. 
Let (j}{s) be given by i29\) with k = 0, and define a and (3 by \8S^) and \84% where 

£,=x^, f] = -x\ CT= (m-l)ln[(xi)2 + (a;2)2]. 

Then F is projectively flat with j3 being not closed. 

It might be also an interesting problem to show the local structures of the two classes of 
Theorem 15. iT iii) and (iv). This problem is still open. 
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7 Proof of Theorem 11.21 

In the following proof, our idea is to choose a suitable deformation on a and /3 such that we 
can obtain a conformal form on a Riemannian space. Then using the result in [131 . we can 
complete our proof. ^ 
Define a new Riemann metric a and a 1-form /? by 

a V?a2 + 77/32, (3 /3, (87) 

where 

^ • (1 ± 262)3/2 • ^ ^ (1 ± 262)3/2 / ■ 

Since F = /a is a Douglas metric, we have pip . By (|87l) and (jST]), a direct computation 

gives 

^ _ 2t(1t_&^~ 
"^'^ ~ (1± 262)5/2 

So /3 = /3 is a conformal 1-form with respect to 5. 

Since S is a two-dimensional Riemann metric, we can express a locally as 



5 := e-yWTW, (89) 

where a — a{x) is a scalar function. We can obtain the local expression of /3 = /3 by (j88|) 
and ([55)1 (see ll3j). By the result in [13], we have 

P=W+b2y^^e^^uy'+vy^), (90) 

where u — u{x), v — v{x) are a pair of scalar functions such that 

f{z) — u + iv, z = + ix^ 

is a complex analytic function. 

We can express a using u,v,lp by computing the quantity ||/3|||. Firstly, by ([89l) and 
([90[) we get 

11/3111 = e2'^(«2-K«^). (91) 
On the other hand, by the definition of a in (|87p. the inverse a'^ of a^j is given by 



e V ^ + 7762 
Now plug f and 77 into the above, and we obtain 

62 



m\i = 5^^6,6, ^ 3-. (92) 

" ' (1± 262)1 ^ ' 

Thus by ^ and ([Mj) we get 

e^'" = , , ^ -. (93) 

u2 + i;2 (i± 262)1 ^ ^ 

Finally, by plugging ([M)) . ([M)) and ([TO]) into ([57)) . we easily get a and /3 given by ([5]) and 

([U respectively, where we define B := b^. Q.E.D. 
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The Riemann metric a expressed in ([5]) is generally not in the conformally flat form. We 
show another example which is expressed in a different form. Put 

a = -^ln[l±2(xi)2±2(x2)2] +c, 

where c is a constant. Then (3 is not closed and satisfies ([31]) with r = 0. Therefore, 
F = azt 0^ joL is a Douglas metric. 

8 Proof of Theorem D 

This proof is similar as that in Theorem 11.21 In the proof of Theorem 11.21 we make a 
deformation on a and keep /? unchanged. For the proof of Theorem 1 1.3 1 in the following, we 
will give a deformation on /? but keep a unchanged. 
Define a Riemannian metric 3 and 1-form /3 by 

S:=a, /?:=-, (94) 
c 

where c — c{b^) is defined in Q, where we define B := b^. By (|23|) and a direct computation 
we can obtain 

~ 2r(l + fci&^) ^ 2T(l + fci6^) 

Oil, fli, = ttij. (95) 

' c c 

So /3 is a closed 1-form conformal with respect to a. 
Now we express a locally as 

a e^yWTW, (96) 
where a — a{x) is a scalar function. Then by the result in [T3], we have 

P=W+b2y^ = e^''{uy'+vy^), (97) 
where u = u{x), v = v{x) are a pair of scalar functions such that 

f{z) = u + iv, z = + ix^ 

is a complex analytic function. 

By the property of w, v and the fact that P given in (l97l) is closed, it is easily seen that 
u,v,a satisfy the PDEs dH). 

Now we determine a in terms of the triple {B, u, v), where B := b^. Firstly by (|94p and 
then by ^ and ^ we get 

ml^b'c-', ml^e"^{u'+v'). (98) 

Therefore, by ^ we get ®. 

Finally, we can easily get a and /3 given by I?]) from (O, (|M1), dMl) and ([571). Q.E.D. 
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